Abstract-Generating families of linear models from nonlinear parameter-dependent equations requires explicit analytical characterization of the equilibrium surface. Doing so in terms of the original system parameters is generally not possible. Introducing an alternative parameterization, we propose an efficient method for computing local linear parameter-dependent families. Although local, these families can be constructed anywhere, specifically around bifurcation points where other methods fail.
I. INTRODUCTION
Control system designers are typically confronted with the requirement that a controller should provide satisfactory performance at several operating conditions. Accordingly, the plant to be controlled is often represented by a parameterized family of linear models where different parameter values correspond to different equilibrium points. These parameter-dependent linear models are frequently the basis for gain-scheduled, adaptive, and robust control system design [1] . In practice, however, the formulation of such models presents fundamental obstacles. In this paper we provide one approach to model construction when a nonlinear parameter dependent model is available.
Consider a parameterized family of nonlinear control systems in the form of _ x = f (x; u; ) y = h(x; u; ) (1) with x 2 R n ; u 2 R m ; y 2 R m ; 2 R k . If x0; u0; 0 corresponds to an equilibrium point, that is, f (x 0 ; u 0 ; 0 ) = 0 and y 0 = h(x 0 ; u 0 ; 0 ) = 0, the linear perturbation equations are _ x = @f(x0; u0; 0) @x x + @f(x0; u0; 0) @u u y = @h(x 0 ; u 0 ; 0 ) @x x + @h(x 0 ; u 0 ; 0 ) @u u: (2) Suppose, however, that we wish to construct a family of linear models in which the parameter is considered to be an independent variable. Then, in principle, we need to solve the algebraic equilibrium equations for x 0 (); u 0 () in order to obtain
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The need to characterize the dependence of equilibria on the parameters is the essential and difficult aspect of the linearization problem. The view that this can be accomplished by functions x 0 (); u 0 () is unsatisfactory. Assume that f and h are smooth functions and that equilibrium points are defined by the requirement F (x; u; ) := f (x; u; ) h(x; u; ) = 0: (4) This relation generically defines a smooth k-dimensional manifold in R n+m+k , called the equilibrium set, designated ES = (x; u; ) 2 R n+m+k jF(x; u; ) = 0 :
An example of such a manifold is shown in Fig. 1 , adapted from [2] . Notice that the surface, although smooth, may have folds, and consequently we cannot expect globally valid functions x(); u() to define equilibria. Even local functions do not exist on neighborhoods of points along the "folds" of the surface. Yet these are probably the most interesting regions because these points correspond to static bifurcations such as stall in aircraft [2] , [3] . In Section II we introduce the main idea-the identification of a new set of parameters that admit, in principle, a global definition of the equilibrium surface. This leads to a computational procedure that is described and illustrated with a simple example in Section III. In Section IV we apply the method to the longitudinal dynamics of an aircraft. The required symbolic calculations are performed using Mathematica.
II. A NEW APPROACH
We propose an alternative to the approach of computing x(); u() for the characterization of equilibria. Consider any point (x0; u0; 0) 2 ES. Our goal is to define a coordinate system on ES around (x 0 ; u 0 ; 0 ) and with the origin located at (x 0 ; u 0 ; 0 ). The k new coordinates s will replace the k parameters to provide a new parametric representation of equilibrium points and the associated linear dynamics in terms of s instead of (see Fig. 1 ). We will find a mapping (x(s); u(s); (s)): R k ! R n+m+k that defines the equilibrium manifold.
Consider (1) and concatenate all of the n+m+k variables to define a single dependent variable x = (x; u; ). Let F (x) := F (x; u; ) and D x F its Jacobian. Suppose we have that rank[D x F (x)] = n+m on the equilibrium set ES = fx 2 R n+m+k jF(x) = 0g. This ensures that ES is a regular imbedded manifold of dimension k in R n+m+k [4] . If x(s) satisfies F (x(s)) = 0, it must be true that
for arbitrary ds at each point x 2 ES. Now, we can always find a basis f 1 (x) 1 11 k (x)g for ker D x F . Consequently, we must have
The necessary conditions of (6) provide a means for computing the transformation.
A. Example 1
Consider the one-parameter dynamical system _ x = 0x 2 0 .
Equilibria are defined by the equation F (x; ) = x 2 + = 0. 
III. CONSTRUCTING SOLUTIONS
In the following paragraphs we describe and illustrate a general approach to the construction of the transformation x(s).
A. Composition of Flows
We can construct a mapping x(s) that satisfies (6) by solving the set of partial differential equations @x @s i = i(x); i= 1; 1 11; k:
Recall that the flow defined by the ith differential equation of (7) with 0
Now, we can state the following proposition.
Proposition: Suppose that F : R N+k ! R N is a smooth (C 1 ) mapping with rank D x F = N on the set ES = fx 2 R N+k jF(x) = 0g. Then ES is a smooth, k-dimensional, 
The mapping (11) is illustrated in Fig. 3 . It is easy to compute the perturbation dynamics via 
We easily see from (12) that the unstable region is defined by 3s 2 1 + s 2 < 0. This region can be mapped onto the equilibrium surface from which we find that the "wedge"-shaped region within the folds contains the unstable equilibria. Note that the Jacobian @=@s must be singular at bifurcation points of the equilibrium equations. Hence, in this example, we compute As expected in this simple example, the (static) bifurcation points correspond to the (divergence) stability boundary.
C. Flows via the Exponential Map
Consider the differential equation So, provided the series converges, the flow can be expressed as follows:
Equation (14) provides the flow in the form of the "exponential map" associated with the vector field [4] , [6] . It is in a form that is easily computable to any desired order in s.
D. Computer Implementation
We have implemented the required computations in Mathematica, building on the functions described in [7] . The calculations involve four steps:
1) computing the Jacobian DF ; 2) generating a smooth basis set for ker DF ;
3) computing the flow functions based on the exponential map (14); 4) forming the composition (9). The only subtlety is Step 2), in which case care must be taken to ensure that a smooth set of basis vectors is generated. The Mathematica function NullSpace typically does not return a smooth basis set. A smooth set, however, is desirable because it ensures that the remaining computations proceed efficiently.
Because we use the exponential map to compute the flow functions, our results are local. Even so, we are able to capture essential nonlinear behavior as shown in the examples.
IV. LONGITUDINAL FLIGHT DYNAMICS
As a more substantial example of the method described above, we will apply it to the longitudinal dynamics of an aircraft. The model, taken from [2] , is parameters, we can compute the transformation rules that define the mapping (s 1 ; s 2 ) ! ( 0 ; 0 ; 0 ; q 0 ; T 0 ; e0 ; ; 3 ) and hence the equilibrium surface. They are given in the Appendix. Fig. 4 illustrates one of the surfaces generated by the mapping. Once the Fig. 4 . This figure illustrates the surface that defines the relationship between elevator deflection, speed, and center of gravity location. As before, the surface is generated by first obtaining a parametric characterization of the equilibrium manifold. equilibrium surface is characterized it is a simple matter to compute the A(s); B(s); C(s); and D(s) matrices. These are also given in the Appendix where, for convenience of presentation, we have expanded these matrices in (s 1 ; s 2 ) up to terms of order three.
As the parameters vary, the linear system properties change. The fold bifurcation points are associated with a transmission zero located at the origin (see [2] ). This property of control systems is different from that of dynamical systems (ordinary differential equations, without inputs and outputs). In the latter case the fold bifurcation points correspond to a pole at the origin, as in Examples 1 and 2. Once again, we can identify the bifurcation values for the s-parameters by computing those points for which the Jacobian @=@s is singular.
For the present example, this is illustrated in Fig. 5 .
V. CONCLUSIONS
This paper has considered the construction of a parameterdependent linear family of perturbation dynamics for a control system described by a parameter-dependent set of nonlinear state and output equations. Such families are used in the design of gain-scheduled, robust, and adaptive controllers. A method for constructing them is proposed that is based on a globally valid reparameterization of the equilibrium surface. Symbolic computing tools have been implemented that enable the efficient assembly of local families. Local families can be constructed around any equilibrium point, including bifurcation points of the equilibrium equations. We have presented some examples including the construction of a linear, parameter-dependent family describing the longitudinal dynamics of an aircraft. 
